In this paper, a transfer matrix method (TMM) for rotors with multiple coupler offsets was derived. The studies showed the coupler's stiffness altered the rotor's critical speeds but offset caused additional external excitation. The cases of two offsets in-and anti-phase in a typical rotor were given as examples. In the in-phase case, significantly increased response amplitude occurred at lower rotational speed and the increase was linearly proportional to the offset value. As to the anti-phase case, the increased response was insignificant, implying an opposite offset would cancel out a major response of the previous offset. The whirling orbits before and after the offset couplers were also illustrated. The results, as expected, showed the in-phase offset displayed much larger radii than the anti-phase's. The rotor's orbits changed the whirling direction once the rotation fell within a certain range and this feature seemed to be unaffected by coupler offsets.
INTRODUCTION
Rotor systems have been widely used in mechanical engineering. The dynamics of rotors have therefore been studied for over a century. With the high speed demand of today's machinery, it becomes more important than ever. The approaches to vibration analysis of rotor systems can be divided into two main streams. One is the well-used finite element method (FEM) [1] [2] [3] , and the other is the relatively more traditional transfer matrix method (TMM) [4] . The main advantage of TMM is its lower system dimension, even for a relatively complex rotor. The disadvantage is it requires more matrix multiplications and a more sophisticated root finding algorithm.
Prohl [5] , one of the pioneers, used TMM for calculating the bending critical speeds of rotor systems. Lund and Orcutt [6] improved the transfer matrix of a shaft in a continuous fashion rather than in a discrete fashion, but neglected both rotary inertia and the gyroscopic effect. Lund [7] considered the hysteretic of a damping shaft and calculated the unbalanced response of a general flexible rotor supported in a fluid-film journal bearing. Chao and Huang [8] introduced the modified transfer matrix in which the Euler beam and rigid disc were the fundamental elements. They obtained more accurate natural frequencies and shapes. Many researchers [9] [10] [11] continuously improved TMM, such as developing an oil-film bearing matrix, including rotary inertia, and the gyroscopic effects of discs.
The present study intends to examine the vibration response of a rotor system containing multiple coupler offsets. With regard to the studies of shaft misalignment/offset, Dewell and Mitchell [12] experimentally studied parallel and angular misalignment of a metallic-disk-type coupling. By using the real time analyzer, they found the frequencies of all the integer multiples of [13] and experimentally validate [14] the calculations. In their model, the misalignment effects were represented by an additional bending moment of even multiple frequencies of rotational speed. They concluded the unbalance and misalignment could be characterized by the 16 and 26 components, respectively. Sekhar and Prabhu [15] used higher order finite elements to study a misaligned rotor-bearing systems, in which equivalent moments and forces replaced the misalignment effect and obtained similar conclusions [13] . They also concluded the misalignment had little effect on the change in critical speeds. Lee and Lee [16] used FEM for misaligned rotorbearing system, in which angular, parallel, and mixed cases were discussed extensively though shown whirling orbits. In that paper, coupler flexibility was not included. As a result, they concluded the whirling orbits did not change in parallel misalignment. Al-Hussain and Redmond [17] analytically derived the equations of two Jeffcott rotors rigidly coupled in parallel misalignment. In their results, unlike other researchers, they did not obtain the 26 component. Al-Hussain [18] further extended the work to stability analysis. Saavedra and Ramirz [19] proposed a theoretical model for a rotor-bearing system utilizing new coupling finite element stiffness and discussed the vibration due to shaft misalignment and residual unbalance. Their results showed the vibration induced by shaft misalignment was due to the variation in coupling stiffness during rotation. Experimental results [20] were presented to validate the theoretical model. Huang [21] analyzed the torsional vibration characteristic of shafts with parallel misalignment and indicated the misalignment excited the torsional vibration at 16 rotating frequency. Hili et al. [22] presented a theoretical model to analyze parallel and angular misalignment, and suggested diagnosing shaft misalignment from the harmonics of running frequency. It was not until recently that the transfer matrix for an offset coupler was derived [23] . The present paper applies the result of [23] and intends to derive a general formula for rotor systems with multiple offset couplers. This paper will also examine if an anti-phase offset can adjust back the previous offset and subsequently reduce the rotor's total vibration. Two offsets, inphase and anti-phase, in a typical rotor system are therefore studied as examples. Mode shapes and critical speeds are also illustrated. The results show the coupler stiffness affects the rotor's critical speeds and the offset acts as an excitation similar to an unbalance. The whirling orbits for two kinds of phase (in-and anti-phase) are also illustrated.
TRANSFER MATRIX OF AN OFFSET COUPLER
A general rotor system containing flexible shafts, discs, bearing supports and multiple coupler offset is schematically shown in Fig. 1(a) . The transfer matrices of unbalanced discs, bearings, and rotating shafts are described in detail in [23] , or can be seen in the existing literature [24], though they might differ in some respects. To make this paper stand-alone, the matrices for various elements are also given in the Appendix. The present paper focuses on deriving multiple offsets. Fig. 1(b) defines the geometric configuration of a coupler with an offset e, i.e., the eccentricity between coupler disc centres, where a~Vtzb, V the rotational speed, and b the phase angle relative to rotor's reference, usually a key phaser. r~ezd is the dynamic offset, including d, the extra radial deflection of the coupler during vibration.
A coupler is usually composed of two discs and in between there is a rigid or elastic restraint. In this paper, the mass of coupler discs is neglected because their effect is relatively small and the elastic restraint is represented by two linear springs K L and K B . Provided rigid connection is encountered, one can set these two stiffnesses to infinity. In Fig. 1(b) , the stations (points) to the left and right side of the j th coupler are denoted by k j and k j +1, respectively. In the paper, (X,Y,Z) denotes the absolute, non-rotating coordinate system, and (x,y,z) is the element-fixed local coordinate system. From the equilibrium relations and geometric configuration, the following equations are derived: where v, w and h, w are the transverse and angular displacements in the Y and Z directions, respectively. Superscripts R and L stand for the right and left side of an element. The moments, shear forces, due to neglecting the coupler's mass and rotary inertia, are equal, i.e., M R~M L , V R~V L . The torsional vibration is not considered, so the rotation angle a~Vtzb remains all the time. The transfer relation between the left and right side of such an offset coupler is therefore derived to be
where {S} denotes the state vector, [M ] is the coupler's transfer matrix, and {C} is the offset vector. For an ordinary element, Eq. (5) usually appears in a form with no underlined term. {C} is a peculiar feature arising from the offset coupler. The state vector S f g is a 17 6 1 vector as
where
and
In fact, Eq. (8) shows all the sufficient 8 independent states w, h, M Y , VZ and v, w, M Z , V Y in the X-Y and X-Z planes of the system. Nevertheless, due to the whirling motion, it is necessary and helpful to decompose these states into cosine and sine components, as denoted by subscripts c and s, respectively.
In the above, [M] is the coupler transfer matrix of entries shown in the following
, when i=6 and j=3 , i~1,2,
In Eq. (5), there is an augmented identity equation for calculating the response. This is a widely used technique shown in reference [24] .
Equation (5) is the transfer relation of an offset coupler, where [M] , similar to the other elements, is the transfer matrix of the coupler and {C}, the offset vector, plays an exciting role. It will be seen after multiplication to the coupler's right matrices, all components to the right of the offset contribute to the excitation. This means the driven parts behind the offset act as a whole excitation to the rotor. If there is no offset (e50), {C}5{0}, and Eq. (5) simply represents a transfer relation of a coupler. If a rigid coupler is used, by setting the two coupler stiffnesses to infinity, the [M] matrix reduces to a unity matrix as expected.
TOTAL TRANSFER MATRIX OF A ROTOR SYSTEM
With the derived offset coupler's TM and in conjunction with the other elements' TM, an overall transfer matrix for a typical rotor system, as shown in Fig. 1(a) , can be derived,
where S f g L 1 represents the left state of unit 1, S f g R n is the right state of unit n, and
[T ] i denotes the i th element transfer matrix, which could be a shaft, a bearing, or a disc (Appendix). T u ½ is the so-called overall transfer matrix yielded by consecutive multiplications of all element transfer matrices. T m j ½ is the multiplications of the transfer matrices to the right of m th j offset, i.e., from k j +1 to n. To clearly show the formulation, p 5 3 is here taken as an example and Eq. (13) becomes
This is the first time Eq. (13) has been derived by the TMM for rotors having multiple shaft couplers with offsets. Applying the boundary conditions into Eq. (13), a 969 system equation will yield
with the condensed offset vector . S' f g is the degenerated vector of {S}. The rows (right boundary) and columns (left boundary) to be picked up based on different boundary conditions are summarized in Table 1 . Further, to simplify the above equation and rearrange it, the following equations can be found
Equation (20) presents the rotor response due to two types of excitation. One is the unbalanced excitation {u} from the disc and the other is the offset excitation. The offset appears to be a much more complex excitation mechanism, since all the elements behind the offset participate in the excitation. Provided there is no offset (e j 5 0, j51,…,p.), Eq. (20) yields an unbalanced response analysis, as found by many others [3, 4, 6, 13] .
NUMERICAL RESULTS
In the following, examples demonstrating the influence of the offset coupler via the developed TMM are illustrated. The rotor system shown in Fig. 2 , where the configuration and material of the system are similar to Ref. Table 2 .
Two misaligned couplers, one at stations A, B and the other at C, D are deliberately assumed. Although there might be various combinations of these two offsets, only the cases of First, Fig. 3 shows how the coupler stiffness influences the first three critical speeds. In Fig. 3 , the coupler stiffness is categorized into three regions, soft (I), sensitive (II), and stiff (III). We observe in region (II), a slight change of stiffness causes significant variation in critical speeds. In region (I), the coupler stiffness has relatively less influence on the critical speeds of the system, especially for the third critical speed. However, as K L falls in the rigid area (III), the critical speeds barely change with K L . This means the combined rotor dominates the critical speeds. In the following examples, the coupler stiffness is set in region (II), unless otherwise specified. The first three modes with and without (dashed) offset with K L in the rigid and sensitive areas are illustrated in Figs. 4 and 5, respectively. Comparing the figures, it is seen the modes basically remain except there are bigger jumps at the offset couplers with K L in the sensitive area. When K L falls in the rigid area, the mode shape is close to those of no offset and the offset maintains the static offset. The offset is amplified in the modes because the coupler is flexible, as seen in Fig. 5 . Figure 6 shows the frequency response function (FRF) of the rotor at station 14 for three different offset values. The FRF with only unbalance is overlapped as a dash curve for comparison. Figures. 6(a) and 6(b) show the anti-phase and in-phase results, respectively. Unsurprisingly, the offset does not bring any extra peak in FRF's, but magnifies the response amplitude. In the anti-phase case, due to the recall of offset, i.e., e 2 5 2e 1 , the response amplitude is very close to the unbalance, and even doubles the offset value. This means a counter balance of offset indeed reduces the previous offset response. As to the in-phase case, a significantly increased response amplitude is noted, especially at lower speeds where the offset dominates the Table 2 . Material and geometric parameters of illustrated example. response amplitude. In addition, the response is linearly proportional to the offset value. Eq. (18) explains this is because the offset excitation is linearly proportional to e. As the speed increases, the unbalance force becomes more significant and dominates the response.
Next, the whirling orbits under different rotational speeds are examined. The 12 th (A), 15 th (C) and the 13 th (B), 16 th (D), corresponding to the front and the rear end of the couplers, are drawn. The anti-phase and in-phase cases are shown in Figs. 7 and 8 respectively. Three plots corresponding to (a) V,V cr1 , (b) V cr1 ,V,V cr2 , and (c) V cr2 ,V,V cr3 are shown. One can observe the whirling orbit varies with the rotational speeds, as expected. At low speed (V,V cr1 ), the ends A and D basically trace very similar orbits, except with a 180u phase difference; so do the ends B and C. As rotational speed increases, especially at very high speeds, A and D no longer follow the same orbit and the C and D orbits cross over. At the rotational speed of V cr2 ,V,V cr3 , it is seen the orbits switch from forward whirl to backward whirl, as shown in Figs. 7(c) and 8(c) . Whirling orbits are a rather complicated phenomenon. Often, as the rotation exceeds one critical speed, some parts of the rotor change their phase, i.e., from forward to backward or vice versa. Figures. 7 and 8 show the changing phenomena exist as the speed falls within the second and the third critical speeds. In these figures, the dynamic offsets show how they vary with static offset. These dynamic offsets change with coupler stiffness. If rigid couplers (d%0) are utilized, the dynamic offsets roughly equal the static offsets and the orbits are very close to circles at low speed. Comparing Figs. 7 and 8, it is seen the in-phase offset has much larger orbits. This is attributed to the disc centrifugal force enlarging the whirling orbit in the case. 
DISCUSSION AND CONCLUSIONS
In the present paper, the transfer matrix of multiple offset couplers was developed, and the resulting equations become much more complicated than one offset. Subsequently, a general TMM for rotors was applied to examine the influence of multiple offsets. With these multioffset equations, rotors with various relative phases can be studied. Two offsets with in-and anti-phase cases are studied. From the shown simple cases, the phenomenon of offset compensation is confirmed by the present derivation, that will never be seen by one offset case. The derivation showed coupler stiffness affects the rotor's critical speeds and the offset acts as an excitation. This is similar to the conclusion of reference [15] , that the offset barely changed the rotor's critical speeds.
TMM derivation and numerical results in the present studies revealed the offset induced the rotor's lateral response at the same frequency as rotational speed (16) and that was unlike most other research where multiple integer (n6) components were found. Though reference [17] obtained results similar to the present paper and concluded the absence of 26 components mainly due to no consideration of bearing non-linear effects and shaft asymmetries. We, however, believe the reason for components n6 disappearing in our derivation is because the coupler's torsional vibration was not included. Since the coupler is designed to transmit torque, and as long as the coupler's torsional flexibility is considered, the driven shaft will fluctuate in torsion, subsequently causing a non-constant rotation. The non-constant speed in conjunction with the misalignment and unbalance will consequently generate cyclic forces and moment's excitation on lateral vibration. The cyclic forces will result in excitation of n6 components as described in [13] [14] [15] .
The results also showed the offsets did not change the mode shapes, except minor jumps at the offset couplers. Dynamic response became insignificant for two offsets in the anti-phase case, implying an offset can be compensated by another offset in the opposite direction. The whirling orbits appeared to have the same traits as the direction of whirl in both the in-and anti-phase cases, but the in-phase offset showed much larger orbit radii. Rotation speed falls within the second and third critical speed; the whirling motion switches direction and this phenomenon is not changed by offset, either in-phase or anti-phase. 
